Simple models of the vibrational dynamics of HOOH and CH 3 OOCH 3 are investigated by classical trajectory methods. Nonlinear resonances due to kinematic coupling between the torsional motion and symmetric bond bending are found to have significant dynamical effects in some cases. The timescales and magnitudes of these energy transfer processes are examined.
I. INTRODUCTION
The process of intramolecular vibrational energy redistribution (IVR) is of great significance in a wide variety of physical, chemical and biochemical systems . In recent years, many experimental and theoretical papers have considered IVR with particular reference to its impact on spectroscopy [1] [2] [3] [4] [5] , laser induced chemical reaction [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and unimolecular decomposition [16] [17] [18] [19] [20] [21] . Many of the systems studied have involved heavy atom (X) -hydrogen stretching motion, with reference to the local versus harmonic character of the overtone states and with reference to the effect of Fermi resonance mixing this motion with bond bending modes [7] [8] [9] [10] [11] [12] [13] [14] [15] .
Normal mode calculations usually show that X -H stretching modes are not mixed with other types of valence coordinate motion like angle bending or torsion H. W. Schranz and M. A. Collins 2 because they are well separated in frequency from these lower energy motions.
Mixing of these other motions with X -H stretching in the overtone states implies IVR in the sense that a wave packet of such states might correspond to X -H stretching at some time and angle bending at another.
There are other types of molecular motion which are often well separated in frequency from other modes, namely torsion and out-of-plane bending. Normal mode calculations show that the lowest frequency mode of a tetra-atomic molecule is often characterised as almost pure torsion or out-of-plane bending. For this reason, many studies of the large amplitude dynamics of macromolecules allow only torsional motion with rigid bond lengths and angles [22] [23] [24] . However, the overtone states of a "torsion mode" may be close in energy to the fundamentals, overtones or combination levels of the remaining molecular vibrational modes.
Whether these states will "mix" to a significant extent depends on the magnitude of appropriate terms in the Hamiltonian. Such mixing has certainly been invoked in attempts to explain features in various infra-red spectra [2] . Moreover, recent experimental [3] and theoretical studies [3, 4] of the spectroscopy and dynamics of pfluorotoluene have invoked models of the vibrational level mixing arising from methyl torsion-vibration coupling. Despite the low methyl torsion barriers, the IVR rates [3] among ring modes are two orders of magnitude greater than those in a similar molecule (p-difluorobenzene) without the methyl group.
The purpose of this paper is to report classical simulations (numerical experiments) of a number of models of HOOH and CH 3 OOCH 3 (with united methyl groups) which probe the importance of nonlinear resonance interactions between the torsion and higher frequency modes. Recently, Spears and Hutchinson [10] studied the torsional dynamics of trans-diimide focussing on low order and combination resonances between the torsion and the stretches and bends. Here, the nonlinear resonances studied include the familiar case of Fermi resonance (2 : 1 frequency matching) [25] as well as 3 : 1, 4 : 1, and combination resonances.
Tetra-atomics of this type are chosen as the simplest molecules which allow torsion.
Molecules of the type ABBA are chosen because the symmetry restricts the number of effective interactions. The hydrogen and methyl substituents illustrate some important mass effects. Although the coupling of torsion with angular momentum is a priori important, this initial investigation is restricted to the case of zero angular momentum for the sake of clarity.
Coupling of torsion with other motions may well be caused by anharmonic terms in the molecular potential energy. Such terms may vary considerably in magnitude from one molecule to another. Here we do not include any cubic or higher order potential energy couplings between torsion and other modes. The dynamics reported here only involves kinematic coupling. Clearly then, the timescales for energy transfer reported here may not apply to a particular molecule.
However, the models studied herein provide a measure of the coupling that might be expected in the "generic" case where no particularly important anharmonic couplings arise in the potential energy. Since such potential energy couplings could either reinforce or oppose the coupling due to the unavoidable kinematic effects, we expect the models to provide a measure of the "average" interaction between torsion and other modes.
Nonlinear resonance involving torsion is potentially important in understanding the simplest type of chemical reaction, conformational isomerisation [10, [22] [23] [24] [26] [27] [28] . Moreover, the very large amplitude of torsional motion, coupled with the periodic character of relevant terms in the Hamiltonian, suggests there may be some dynamical effects which are novel in comparison with previous studies.
The details of the models are described in sections II and III. Methods are described in section IV. Calculations are described in section V and discussed in section VI. 
II. MODEL HAMILTONIANS A. Potential energy surfaces
A molecular potential energy surface which describes vibrational motion about a stable equilibrium is usually written in terms of valence coordinates. This description is superior to say an expansion in Cartesian coordinates because it takes advantage of the character of chemical bonding (and is invariant to rotation or inversion of the molecule). For example, the diagonal force constant for a bond stretch is usually much larger than associated off-diagonal terms. Also, it is generally accepted that an appropriate set of valence coordinates result in a Taylor expansion for the potential energy about equilibrium which is more accurate at a given order than the corresponding expansion in Cartesian coordinates. Thus, an expansion of the potential in curvilinear normal coordinates is superior to an expansion in Cartesian normal coordinates [29] .
For simplicity, the potential energy surface of an ABBA type tetra-atomic is taken to be a sum of simple valence terms
where the internal valence coordinates {R 1 ,R 2 ,R 3 ,θ 1 ,θ 2 ,τ} are defined in Fig. 1 .
The bond stretching and angle bending potentials are quadratic:
2)
In some simulations a related form of V θ (θ i ) is employed:
The torsional potential is taken to be quadratic in the torsion angle 5) or as a cosine series truncated at the Mth term
The potential parameters for the HOOH and CH 3 OOCH 3 models are given in Tables I-IV There is some controversy concerning the equilibrium value of the torsion angle in CH 3 OOCH 3 [31] [32] [33] [34] . Recent theoretical [33] and experimental studies [34] have concluded that the equilibrium torsion angle is close to 119° (though it lies in a very shallow well). Here, the equilibrium geometry for CH 3 OOCH 3 is based on the results of Haas and Oberhammer [34] . The anharmonic torsional potential was obtained from the work of Koput [35] and the force constants for the stretch and angle bend terms were adjusted to yield normal mode frequencies close to those reported by Budenholzer et al. [36] . The anharmonic torsional potentials for HOOH and CH 3 coordinates to the normal modes are given in Tables V-VII for models typical of the range studied here.
The above surfaces provide only a first approximation to the potential energy surfaces for either HOOH [30] or CH 3 OOCH 3 [36] . They provide a reasonable description of the frequencies and the character of the normal modes in tetraatomics of this type so that the qualitative behaviour of energy redistribution within the molecules can be ascertained.
B. The kinetic energy
In Cartesian coordinates {x,p} the total kinetic energy of a molecule of N atoms is of a simple quadratic form
The classical trajectories described below have been evaluated in Cartesian coordinates using this form of the kinetic energy and the potential of Eq. (2.1) with the valence coordinates as explicit functions of the Cartesians. The nonlinear transformation from Cartesian to valence coordinates ensures that even though both potential energy and kinetic energy are separable as written in Eqs. (2.1) and (2.7), the motion is nonseparable.
To understand the coupling of these valence motions, it is useful to write the Hamiltonian in terms of the valence coordinates and their conjugate momenta so that the kinematic coupling of these valence coordinates and momenta is explicit.
III. KINEMATIC COUPLING

A. Coupling terms
Handy and coworkers [37] have derived the quantum kinetic energy operator in terms of the valence coordinates of Fig. 1 , so the corresponding, rather lengthy, classical equivalent is not reproduced herein. In internal (valence) coordinates and momenta {Q,P} the kinetic energy T is given by
The G-matrix [38] elements G ij are functions of the internal coordinates. For the present models of HOOH and CH 3 OOCH 3 the off-diagonal G-matrix elements are usually very small (see the ensemble averages shown in Tables VIII and IX) , so we focus on the diagonal G-matrix elements. For the bonds
for the bond angles The well-known "resonant interaction" between two modes of motion arises from terms in the Hamiltonian which allow either mode to act as an "external driving force" on the other, where the driving force oscillates at the natural frequency of the driven mode [10, 39] . For example, a term in the potential energy proportional to δQ 1 δQ 2 (where the deviation from equilibrium is defined as δQ i = Q i -Q ie ) would be a 1 : 1 resonant interaction if the modes with coordinates Q 1 and Q 2 had the same natural frequencies. The 2 : 1 stretch -bend resonant interaction which has been much studied in recent times [7] [8] [9] [10] [11] [12] [13] [14] [15] . This means that the terms allowing n : 1 resonance between the symmetric bend and torsion can be of the form δτ n (δθ 1 + δθ 2 ), which is overall (n+1)th order of "smallness" in terms of deviation from equilibrium. In contrast, n : 1 resonant interaction of asymmetric bending and torsion is allowed only through terms of the form δτ 2n (δθ 1 -δθ 2 ) 2 , which is of overall order 2n+2. Hence, the coupling of torsion with asymmetric bending and asymmetric stretching is expected to be very weak in ABBA type molecules.
Note also that Eq. (3.5) may be written in the form
At equilibrium for HOOH (see Table I) G ττ = 2.389 + 0.036 cosτ amu -1 Å -2 . (3.7)
For the "harmonic" and "anharmonic" CH 3 OOCH 3 models of Of course, since torsion is often a rather "floppy" mode, the torsion angle may take values far from τ e and the use of the first few terms in Eq. (3.11) could be misleading. Such large amplitude torsion may then give rise to unexpected resonant effects. Moreover, the frequency of the torsional motion is expected to be a sensitive function of the torsion energy.
B. Torsion frequency
Since the diagonal G-matrix elements are dominant for the molecules under study, we can approximate an isolated valence mode by a Hamiltonian including only the diagonal kinetic term and potential terms, e.g. for the torsional mode,
Given energy E τ in the torsional mode, the effective classical frequency is
In the harmonic approximation,
where G ττ is evaluated at equilibrium. Note that when this frequency is very close to the lowest frequency given by a normal mode analysis of the whole molecule, the assumption of an isolated torsion fundamental is justified. At higher energy, the torsional potentials of Figs energy. It is likely that classical resonance will be difficult to achieve unless the resonance is very strong and broad (it is known that some 2 : 1 resonances are sufficiently strong to allow substantial energy flow even when tens of cm -1 off resonance [7, 8, 10, 11] ). Moreover, we note that the classical frequency is only close to the average quantum energy gap in the region above the cis barrier where odd and even torsion wavefunctions are nearly degenerate.
In preliminary simulations we perform calculations on molecular models with harmonic torsional modes in order to distinguish which types of resonance are possible from kinematic coupling. Subsequent simulations incorporate the more realistic torsion potentials so that the effect of frequency variation is included.
IV. METHODS
In this section the methods employed for the initial state selection and integration of the classical trajectories are described. Ensembles of classical trajectories are used to generate averages of dynamical variables which can be analysed for information on the timescale and extent of the intramolecular vibrational energy redistribution.
A. Initial state selection
In order to determine the importance of nonlinear resonances in facilitating IVR it is useful to observe the dependence of the IVR upon the manner in which the energy is initially partitioned amongst the various molecular vibrational modes.
Firstly, a normal mode analysis was carried out at the equilibrium geometry [38] . The Cartesian coordinates and momenta of each atom were displaced from equilibrium as follows. Each of the five highest frequency modes (bond stretching and bending modes with frequency ν i ) were assigned an energy by specifying the classical equivalent of a quantum number, n i , such that the energy of that mode is
given by E i = hν i (n i +1/2). The six lowest frequency normal modes, corresponding to overall rotation and translation, were assigned zero energy. The sixth highest frequency normal mode which corresponds to torsion provides a very poor description of this large amplitude motion. Initially, this mode is assigned a given quantum number as above, but the phase of this mode is fixed randomly at two values which correspond to momentum only. An ensemble of Cartesian coordinates and momenta were then evaluated from the normal mode eigenvectors using random phases for each normal mode (except torsion) in standard fashion.
The assigned total vibrational energy should then be E v :
At non-zero energies, the normal mode approximation is in error and it is necessary to scale the momenta to achieve a desired total vibrational energy E V and to eliminate spurious components of angular momentum. The total molecular angular momentum around the centre of mass is 2) and the angular velocity vector of the molecule, ω, may be obtained as
where I is the instantaneous, configuration dependent, moment of inertia tensor [41] . The rotational velocity vectors for each atom are calculated from Otherwise, the current configuration must be rejected and a new selection of random phases is made. In practice, such rejections were rare.
This initial ensemble is not randomly distributed in the direction of the eigenvector corresponding to torsion. To correct this bias, each initial state was integrated for a random time up to half the period of the torsional mode in order to randomise the phase of this mode. The resultant Cartesian coordinates and momenta make up the ensemble of initial conditions for the simulations reported below. During this initialisation procedure, at most minor leakage (5-10%) of torsional mode energy into the other modes was observed (at the highest excitations studied). This procedure was satisfactory as long as the coupling between the torsional mode and the other modes was sufficiently small, as is the case with the HOOH models and most of the harmonic CH 3 OOCH 3 models. Note that, in the case of some models of CH 3 OOCH 3 , the normal mode primarily associated with the torsional motion also had small but significant components of other modes such as OO stretch and symmetric bend and symmetric stretch. The method above is a relatively standard quasiclassical procedure in that the modes which are initially in their ground states are allocated zero-point energy [16, 19, 42] , although this approach is still the subject of debate [43] .
B. Classical trajectory method
In the present study, Newton's equations of motion were integrated using the Verlet leapfrog algorithm [44] . Ensembles of 100-1000 classical trajectories were run using a vectorised code on a Fujitsu VP2200. Trajectories were normally integrated for times ranging from about 1 ps to 10 ps. A satisfactory timestep was ∆t = 0.0914 fs for which energy conservation was satisfied to better than 1 part in 10 5 .
C. Analysis of the dynamics
The energy associated with each type of molecular vibration is measured during the trajectories as follows. At sufficiently low energy (and low excitation of the torsional mode), the normal mode approximation is moderately accurate. The energy of each normal mode is then given from the projection of the cartesian coordinates q and velocities q on the normal mode eigenvectors [19, 38] . At higher energies, we estimate an energy associated with each "valence mode". The energy for each valence mode is defined as the diagonal component of the kinetic energy (when expressed in terms of internal momenta) plus the corresponding potential term, We summarise the character of the intramolecular energy transfer by calculating the average energy transferred into a mode at time t = T relative to time t = 0
Some insight into the extent of IVR for different models can be gauged from examining the microcanonical probability density P(E,τ) for the torsion angle where energy E is available to be shared amongst the torsional mode and a subset of the other vibrational modes. For the particular case of a harmonic torsional mode in microcanonical equilibrium with M-1 other harmonic vibrational modes it is possible to derive the general expression for the probability density as (see Appendix)
The theoretical probability density for the specific case of a torsional mode modelled by an isolated simple harmonic oscillator (M=1) is 14) and for a harmonic torsional mode in microcanonical equilibrium with another harmonic mode (M=2) is
Note that the isolated mode density in (4.14) is bimodal whereas for the two mode case in (4.15) it is unimodal. As the number of degrees of freedom M to which the torsion is strongly coupled increases, P M (E,τ) becomes increasingly peaked around δτ = τ-τ e = 0. Thus, the shape of P M (E,τ) reveals the number of modes to which the torsion is strongly coupled on the timescale of observation of the dynamics.
Probability densities, calculated as time and ensemble averages, are reported below and compared with these limiting cases. 
V. CALCULATIONS
Simulations of the models described in Tables I-IV are reported. For convenience, the various models are referred to by the abbreviations used in these tables.
A. HOOH with harmonic torsion
The potential parameters for HOOH are based on those of One or two quanta inserted in the torsion mode gives virtually no energy transfer (see Fig. 5a and model HH4 of Table X ). When 5 quanta of torsional energy are inserted, there is a loss of torsional energy of 229 cm -1 in 0.5 ps.
Varying the O __ O stretch force constant and ω τ (models HH5 and HH6), and monitoring the energy in the symmetric bend mode shows that this energy transfer is due to ω τ : ω sb = 1 : 3 resonance rather than a combination resonance, ω τ + ω oo = ω sb . However, inserting one or two quanta in the symmetric bend mode apparently leads to a concerted, though weak, excitation of both torsion and OO stretch, presumably via a combination resonance (Fig. 5b) . For both torsional and symmetric bend excitations, significant correlation coefficients were calculated for energy transfer between the bending and torsional valence modes. In addition, for the case of symmetric bend excitation, there was an additional strong correlation with the OO stretch valence mode.
The weakness of this 3 : 1 resonant interaction makes it difficult to eliminate other possible causes, though a 2 : 1 resonance interaction is off resonant by 493 cm -1 and does not appear to be responsible. The absence of any significant 1 : 4 interaction between either of the bends and the torsional mode is clearly illustrated in Figs 6a and 6b for models HH8 and HH9 of Table II (see Table X) , respectively, where, upon 1,2 or 5 quanta of torsional excitation, no significant IVR involving the torsional mode is observed.
B. HOOH with anharmonic torsion
For the model of HOOH with anharmonic torsion (model AH1 of Table I angle bending force constant). As Fig. 2b shows, the torsion frequency is roughly constant only in the energy range 600 cm -1 to 2400 cm -1 . There ω τ : ω sb ≈ 6 : 1. No substantial energy loss is observed from the torsion mode, even for initial excitation of up to 40 quanta.
C. CH 3 OOCH 3 with harmonic torsion
Here we consider the behaviour of harmonic models of CH 3 OOCH 3 with n : 1 ratios of the symmetric or asymmetric bend frequencies to the torsion frequency: Table XI ). This is consistent with the discussion of Eq. (3.11), since the kinetic energy operator contains no coupling terms appropriate to 3 : 1 resonance when the equilibrium torsion angle is 180 o . Figure 9 demonstrates the energy transfer out of the torsion mode when the equilibrium torsion angle is 120 o (model HD5 of Table XI ). Fig. 9a shows that there is significant energy transfer for initial excitation of five or more quanta on a 2 ps timescale. Fig. 9b shows that when the 3 :1 resonance is detuned by ± 30 cm -1 , energy transfer slows dramatically. 
Comparison of probability densities
In Fig. 12 we plot the simulated and theoretical probability densities P(E,τ) for the torsion angle (see Section IV C) for three models of For higher levels of torsional excitation, the simulated probability densities in 
D. CH 3 OOCH 3 with anharmonic torsion
Calculations have been performed for a model of CH 3 OOCH 3 with an anharmonic torsion potential. This model has a markedly different geometry from the harmonic models treated above. Notably, the equilibrium torsion angle occurs at 119° rather than 180°, as shown in Fig. 3a . bonds on a timescale of several picoseconds. At much higher excitations, above 60 quanta, the energy transfer appears to become less coherent. This slowdown in IVR seems to coincide with the "cusp region" of the effective torsional frequency curve at E τ =4800 cm -1 (see Fig. 3b ). At and above these energies, the torsional mode has sufficient energy to surmount the cis (τ = 0) barrier and becomes a and AD6 of Table IV ) which have ω τ : ω sb in the range 1 : 2.1 to 1 : 4.8 (for harmonic frequencies). This corresponds to approximate ratios in the range 1 : 1.6 to 1 : 3.9
for torsion energies in the range 1500 to 4500 cm -1 . Figs 14a and 14b show the average energy in the torsion mode following excitation with 60 quanta, at short and long times, respectively. We note that energy transfer is rapid and extensive near a ratio of 1 : 2, as in Fig. 13 . However, as the ratio rises to 1 : 4.1 (1 : 3.4 for torsion energies in the range 1500 to 4500 cm -1 ) energy transfer is almost eliminated on a 10 ps timescale. As the frequencies rises even further to 1 : 4.8 (1 : 3.9 for torsion energies in the range 1500 to 4500 cm -1 ) energy transfer is again observed. Fig.   14c shows that the extent of energy transfer is reflected in the probability densities P(E,τ), which show an increase and then a decrease in bimodal character as the frequency ratio rises.
VI. DISCUSSION AND CONCLUSIONS
When the torsion potential is quadratic in δτ = τ -τ e , energy transfer has been observed for a number of nonlinear resonances involving torsion and symmetric bending. In this case, the torsional motion is characterised by a single frequency. 
The corresponding microcanonical density of states at a total energy E is [45] 
which has been rewritten in terms of the microcanonical weight function [46] 
and C 1 is a constant independent of E and Q.
Now assume that the M vibrational modes are in microcanonical equilibrium.
Thus, the microcanonical probability density P M (E,Q) of a configuration Q given a total energy E can be evaluated from statistical considerations [45] 
Using the result that [47]
the microcanonical probability density P M (E,Q M ) for the coordinate Q {n τ ,n ab ,n sb }.
TABLES
n τ ,n ab ,n sb t = 0.5 ps t = 5.0 ps HH1 0,0,0 2.6 (Table I) Because of extremely rapid energy transfer out of the torsion on a subpicosecond timescale, these results were generated without complete randomisation of the torsional mode (except for the sign of the torsional momentum) but include randomisation of the other vibrational modes.
